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Abstract 

Twisted U- and twisted [7/i^-hierarchies are soliton hierarchies introduced by Terng to 
find higher flows of the generalized sine-Gordon equation. Twisted o(J)xO{J) -hierarchies 
are among the most important classes of twisted hierarchies. In this paper, interesting 



first and higher flows of twisted -hierarchies are explicitly derived, the associated 



0(J,J) 
J(J)xO(., 

submanifold geometry is investigated and a unified treatment of the inverse scattering theory 
is provided. 



1 Introduction 

The interaction between differential geometry and partial differential equations has been 
studied since the 19-th century and it can be found in the works of Lie, Darboux, Goursat, 
Bianchi, Backlund, and E. Cartan. One of the best known examples is the correspondence 
between surfaces of constant negative Gaussian curvature and the solutions of the sine- 
Gordon equation. The generalized sine-Gordon equation (GSGE) [25], [26j 



QGO(n), (1.1) 

dx^aki = Oikjfij, fa = 0, i / j, (1.2) 

dxjfij + dxjji + Efc^j, j fikfjk = auaij, i / j (1.3) 

dxkfij = fikfkj, hj,k distinct (1.4) 

where 1 < i, j, k < n, defined by the Gauss-Codazzi equation for n-dimensional sub- 
manifolds in M^"~^ with constant sectional curvature —1, is a natural multidimensional 
differential geometic generalization of the sine-Gordon equation. 
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The GSGE has Backlund transformations, permutabihty formula [26], [28], a Lax pair, 
and an inverse scattering theory [1]. Recently, via a Lie algebra splitting approach, Terng in- 
troduced twisted U- and twisted [//ET-hierarchies (twisted hierarchies on symmetric spaces) 
[27] and showed that the GSGE can be interpreted as the 1-dimensional system of the twisted 
0(njx'o(n) -hierarchy. As a result, she obtained all higher commuting flows of the GSGE. 

There are rich intertwined analytic, algebraic and geometric structures of these twisted 
hierarchies. Twisted o(J)xO(J) -hierarchies are among the most important classes of twisted 

hierarchies which contains the twisted o(n)xO(n) -hierarchy (J = I) as a special case and 
possesses prototypical analytic, algebraic and geometric structures of twisted hierarchies. 
For instance, the associated Lax pairs of the twisted o(J)xO{J) -hierarchy are Laurent poly- 
nomials in the spectral variable A. Therefore, the eigenfunctions depend on x as |A| — > oo 
and we need to renormalize the eigenfunctions in solving the inverse scattering problem. 
The renormalization process breaks the symmetries. Thus a proper gauge is needed to re- 
construct the symmetries and the potentials. Inspired by the result of [Ij, we reconstruct 
the symmetry via solving an exterior product partial differential system which is derived 
from the associated 1-dimensional system. 

On the other hand, in the study of the submanifold geometry associated with twisted 
hierarchies, besides the case J = I mentioned above [26], [25] . [1], we discover that the 1- 
dimensional systems of the twisted q ( j) xO ( J) -hierarchy, J = Ii^n-i, describe the geometry 
of n-dimensional time-like submanifolds of constant positive sectional curvature in R^"~^ . 
Therefore, rather than the space-like submanifolds associated with the generating equation 
introduced by Tenenblat [TU], [21], the time- like submanifolds interpret the geometry of 
soliton equations and can be tackled via an inverse scattering method. In this respect, 
twisted o{J)xO{J) '^^^^ more intimate with the GSGE or the sine-Gordon equation. 

Finally, many interesting soliton hierarchies can be constructed from splittings of loop 
algebras fixed by involutions or automorphisms [2], [12], [29], [28] . This observation moti- 
vates the classification theory of integrable systems via different representations and possible 
reductions [20], [13], [21], [22], [19]. The set up of the correspondence between the reduction 
groups and the inverse scattering theory then becomes an important issue for mathemati- 
cians [16], [15], [17]. Since the twisted o{j)xO{J) -hierarchies are integrable equations induced 
by two involutions 

^o(e(-A)) = e(A), ai(e(i/A)) = e(A), 

on the loop group in the symmetric space o(j)xO{J) ' work provides a complete inverse 
scattering theory of integrable systems with the reduction group given by the dihedral group 

D2. 



The paper is organized as follows: in Section [21 we define the twisted 



0(J,J) 



0{J)xO(J) 

hierarchies via splittings of loop algebras and compute explicit examples which include a new 
4-th order partial differential system (I2.19j) , (12.20j) . Section [3] is devoted to the investigation 
of the associated submanifold geometry. In particular, we prove that the 1-dimensional 
twisted o{J)xO(J) -system (twisted by cji) with J = is the Gauss-Codazzi equation 

for an n-dimensional time-like submanifold of constant sectional curvature 1 in M^*^"^ and 



0(J,J) 

ij)xo(.. 

In Section U we solve the direct problem by constructing special eigenfunctions which corre- 



derive a Backlund transformation theory for the 1-dimensional twisted oi^j^^o{J) -system. 
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To define the twisted o{J)y<0{J) "^^i^rarcliy via a loop group approach, for an integer q, 



spond to global twisted flows with nice decaying properties and regularities and extracting 
the scattering data. Section [5] and [6] are devoted to the reconstruction of the flows from 
scattering data. In particular, by studying the Riemann-Hilbert problem of the twisted 
-flows, eigenfunctions with arbitrary poles and multiplicity are constructed for 
J = I, and eigenfunctions with small purely continuous scattering data are derived for 
J ^ I. The Cauchy problems of twisted flows and the 1-dimensional twisted o(J)xO{J) ' 
system are solved in Section [71 

2 The twisted o(j)y.'o{j) "hierarchy 

< g < n, let us denote 

q times n—q times 

J = Ig^n-q = diag(^T~^^~l, C^), = ( -J ) ' ^^-^^ 

and 

0(J, J) = |x G GL2n(M)| x^Jx = j} , 
o(J,J) = {eG5^2n(M)U*J+ Je = 0}. 

For i = 0, 1, let cjj be the involutions on 0{J, J) defined by 
and 

o( J, J) = /Ci + Vi 

the Cartan decompositions for cTj. So Kq H Ki = Sq x Si, Kq = Sq x Kq, Ki = K[ x Si 
as direct product of subgroups with /Cj, Si, K,[ be the Lie algebras of Ki, Si, K[. More 
precisely, 



= o{q,n - q) + o{q,n - q), /Ci 

Sq = o{q,n - q) +Qn, Si 
JCQ = On + o{q,n-q), JC'i 



o{n, 1) + o(n — 1), if (7 = 0, 

o{q,n - q+l) + o{q -l,n - q), if > 0, 

On+i + o(n-l), if g = 0, 

0„+i + o(g - l,n - g), if g > 0, 

o(n, l)+0„_i, if g = 0, 

o{q,n- q + l) +Qn-\i if g > 0. 



Let 



L = {/:A,,i/,n°-GL2„(C)| (/(A))* j7(A) = J, /(A) = /(A)} 

L'^o = {/GL|ao(/(-A)) = /(A)}, 

= {/GL-°|ai(/(l/A)) = /(A),/(l)GA'(}, 

L-o = {/GL-°|/:C/B/^°-GL2n(C), /(oo) ei^a- 
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Here S*^, S^^*^ are circles of radius e, and 1/e 7^ 1 centered at 0, is the disk of radius e 7^ 1, 
and ^e,i/€ is the annulus with boundaries S"^ and S^/*^. Then L"^ D L"^ = {1} and the Lie 
algebras of L<^o, L'^o, L'L° are 

C"^ = {^(A) = ^ ^jX^\ G /Co «/ j is even, G T'o if j is odd}, 

j<no 

= G £'^"|e(A) = Co G /C^,}. 

j<0 

It is a theorem that {C^ , jC'I.'' ) is a splitting of with 'rr± defined by 



IT- 



IT. 



\0<i) i eiien / 0<j<?io 



as the projections of ^ = Ylj<no^j^'' ^ onto with respect to the splitting [27] . 
Finally, let ^ be a maximal abelian subalgebra of Vq consisting of elements of the form 

^ where D is a diagonal matrix in gl{n,M.). Note (7i{A) C A. Define 



D 

Ja,2j+i = a\^^+^ + ai(a)A-(2i+i) E £-0 (2.4) 
for some constant regular a ^ A. 

Definition 2.1. The 2j + twisted o{j)xO{J) 'fl^^ (twisted by ai) is the compatibility 
condition of 

[d, + TT+ (MJaAM-^) ,dt+TT+ {M Ja,2j+lM-^)] = 0, (2.5) 

for some M = M{x, A) G L'L° . 

Theorem 2.1. Suppose a=^^ O^)'^"^^) O*)'^" '^^'^^ ('"^ir"' jWn), D = 

diag {wi, ■ ■ ■ ,Wn), Wi ^^j; 7^ ^ttDj, for i j. Then 2j + 1-th twisted o(j)i<.o(j) 'f^^"^ 
is a nonlinear 2j + 2-th order partial differential system in the components of b, v, with 

Tt+{MJaAM-^) =bab-^\ + v + ai{bab-^)\, b e Kq, v e So- (2.6) 

A 

The proof of the above theorem follows from Lemma l2.m2.3[ 
Lemma 2.1. The loop M in ^2. 5|) can be chosen to satisfy 

M{d, + Ja,l)M~^ = d^ + Ti+ {MJa,iM-^) , 
M{dt + Ja,2j+i)M-' = dt + 7,+ (MJa,2i+iM-i) . 



4 



Proof. Let ^{x,t,X) satisfy 

d,^ = -7r+ (MJ,,iM-i) ^, 

Write ^{x,t,X) = m(x,t, A)e"^'^^"+^'"^^"""*^^''^'"+W+r'^{^)). Then we derive 

m{d^ + Ja,i)m-^ = d^ + %+{MJa,iM-^) , (2.7) 

m{dt + Ja,2j+i)m~^ = dt + TT+{MJa,2j+lM-^) . (2.8) 

Hence 

Tr+ {mJa,im-^) = 7r+ (MJ^.iM"^) , (2.9) 

7r+ {mJa,2j+im-^) = 7r+ {MJa,2j+iM-^) , (2.10) 

by taking the projection 7r+ on both sides of (pT]) . (p^Sj) . Plugging (p:9]) . (pl^ into ([2^1) . 
we then have 



m(92,. + Ja,i)m ^ = + 7r+ {mJa,im ^) , 

"l(9t + Ja,2i+l)m-~^ = dt + TT^ {mJa,2j+im'^) ■ 

The property m(x,t,X) € L^Jl" wih be shown in Theorem 14.11 □ 
Define the A-coefficients of 7r+(MJa,2j+iM-i), n_{MJa,2j+iM-^) by 

2j+l 2j+l 

7r+{MJa,2j+iM-') = Qsix)X' + Qoix) + CTl(Q.)A-^ (2.11) 

s=l s=l 

fc^{MJa,2j+iM-') = iio(x) + J^i?s(2;)A-" (2.12) 

by (1121), (|23D. 

Lemma 2.2. Zei / 6e ^/le n x n identity matrix, ^ ~ ^ j ^ ' '^'^'^ 

%(x) = {bUr^QibU, 0<i<2j + l, 
ro(x) = {bUy'RobU, 
f{x,X) = {bU)-'MJa,2j+iM-HU 

2j+l /2j+l 



23+1 /2o+l \ 

Y QsX' + qo + ro + (bU)-^ Yl MQs)X-' + Y 

s=l \s=l s>0 / 



bU. 



Then 



q2j+i = U ^dU, 

[U-'aU,q2j] = -{bU)-'{d,Q2j+i)bU-[{bU)-'vbU,q2j+i], (2.13) 
[U-'aU,qs] = -{bU)-'{d^Qs+i)bU-[{bU)-'vbU,qs+i] (2.14) 

- [{bU)-'ai{bab-')bU,qs+2] , 1 < s < 2j - 1, s ^ 2j, 
[U-'aU,qo + ro] = -{bUy' {O^Qi )bU - [{bUr'vbU,qi] (2.15) 

- [{bU)-^ai{bab-^)bU,q2] . 
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Moreover, 

if - M>^''^' + t^Jtt)) n (/ - M>^"'^' - Ti^)) (2.16) 

s=2 ^ ^ 

■ (/ + Mx'^^' + n (/ + ^.(A^^-^^ - = 0. 

s=2 ^ ^ 

Proof. The identity (I2.16P follows from the characteristic polynomial of /. By Lemma l2.lt 
we obtain 

[d,+TT+ {MJaAM-^) ,MJa,2j+lM-'] = 0, 

Therefore by (j2.6|) . and (j2.1ip . we derive 

Q2j+i = hah~^, 

[hab~'^,Q2j\ = -dxQ2j+i - [v,Q2j+i] , 

[bab~^,Qs] = -dxQs+i - [v,Qs+i] - [cri{bab~'^),Qs+2] , I < s <2j - 1, 

[bab-\Qo + Ro] = -d^Q,-[v,Qi]-[ai{bab-^),Q2]. 

Hence follows the lemma. □ 

Lemma 2.3. For VO < s < 2j, the entries ofQs are fixed functions of components of d"b 
and d^v, < a, /3 < 2j - s + 1. 

Proof. First of all, write Qs = Tg + Pg, ior s > and + '"o = + Pq with Tj, Pi being 
diagonal and off-diagonal respectively. Note that U~^aU is a diagonal matrix. Hence P2j 
can be derived in terms of b, bx, v by (|2.13|) once Wi ^ ^wj. Equating the A^^-'^^^^^")"^- 
coefhcients of the diagonal part of ()2.16p . we conclude T2j = 0. Hence the lemma is done if 
j = 0. As a result, we can assume j > in the following proof. 

We are going to prove the lemma for < s < 2j — 1 by induction. Similarly, Pg can be 
derived in terms of d"b, dxV, < a, /3 < 2j — s + 1, by (I2.14j) . (I2.15P and the induction 
hypothesis. Using ()2.16p and equating the A'-^-^'^-^^'-^^-'^'-^-'^^^^^-coefficients of the diagonal 
part of (I2.16p . we obtain 

Tgdiagi (Ai-A^),---, JJ {>^2n - >yk)) = Fs{Ta, P/s), 

l<k<2n,k=/=l l<k<2n, k=/=2n 

Here diag (Ai, A2, • • • , A2n) = diag (uii, • • • , Wn, —wi, • • • , —Wn), the entries of Fg are fixed 
polynominal functions of those of T^, Pg, and s + l<a<2j + l, s</3<2j + l. Therefore, 
the lemma is justified if Wi 7^ ^Wj. □ 

Via the algorithm provided in the proof of Theorem 12.11 and the Maple 7 software, we 
derive 

Example 2.1. For {n,q) = (2,0), a = a (wi = wi = 1, W2 = W2 = 2), the first flow is 

the trivial linear system 

dtu = dxU, dtu = dxUj, 
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where 

/ 1 \ 

10 

COS u{x,t) smu{x,t) 

\ — smu{x,t) cos u{x,t) ) 

( -w[x,l) \ 

a;(x,t) 



V / 

and the third flow of the twisted o{j)xO(J) -hierarchy ( twisted by ai ) is the Ath order partial 
differential system 



(2.17) 



(2.18) 



dtu 



dtuj 



1 

18 



{ Wd^u + d^u 5{d^uf - Uud^u + 180 (cosii)^ - 90 + ISw^ (2.19) 



24 -48 (cos ti) 



-32 sin u (cos u)^ + 16 cos u sin u 



40 , ,2 20 2 , , 

._(cosn)2 + y--^'] (2.20) 



40 5 4 

+dxu\ — {dxu) cos n sin n H — {dxu) (dxUj) iodxio] 

3 6 3 

5 5 8 

H — dxOJ + dxU}[-u}'^ — 5 + 10 (cosu) ] cos n sin n. 

9 6 3 

Here the associated Lax pair \2. 5\) is 

dx + bab'^X + V + ai{bab~^)-, dt + Y] QsX' + Qo + V (TiiQs)X'' 
with b, V defined by (2A7\ ), [2AR) . 



0, 



Q3 



Q2 



Qi 



( 



\ 



( 

u 


V 
/ 








COS u 2 sin u 

- sin u 2 cos u 

uj 









ail "21 

\ Ql2 a22 

/ -13 \ 

/3 



V / 






\ 


dxU 
/ 
an ai2 \ 

021 "22 





cos n — sin u \ 
2 sin u 2 cos u 




/ 






-dxU 



/ 
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and 



an 



"22 



/3 



- (sin u) d^u + dxU 



- - (cos u]dxU^ — ijj cos u 



1 2 

-2 (cos u) +2 cos u — -up' cos "U — o (s™ t^x'^, 

U O 



1 



a\2 = - (cos ti) d^u + dxU 



- (smti) OxU wsmn 

H — sinti + 2 (cos uP sinn (cos n) dxU>, 

6 3 



^21 = (cos u) + dxU 



- (sin ti) — - (sin u) oj 



+-a;^ sinti + 4 (cos u)"^ sinn — - (cos u) dxUJ, 



- (sinti) dxU + dxU 



- (cos u) dxU — -LO COS u 



+4 (cos u)^ — 4 cos u + -w^ cos + ^ ^a;'^' 



4 o 

--dxU + 



■ g {dxu) + -ujdxU - 8 (cos u) + 4 - -cj 



5 _2 ^ 5 S / ^2 

H — a^w Li; H u -\ ojicosu) . 

9 3 18 3 ^ ^ 



Example 2.2. // (n, (7) = (2, 0), and define a, a by wi = 1, W2 = 2, 7Z;i = 2, ^2 = 1, 6, f' 
6?/ l^-iTp , i2.18\) . then the first flow is the sine- Gordon equation 

dju — d'^u = 12 sin u cos u, S^it = w. 

Remark 1. For i G {0, 1, • • • , n - 1}, replacing ai by Ui, aiix) = In+i,n-ixl~lin-i, 
and ai{f{l/X)) either by ai{f{l/X)) or by ai{f{—l/X)), we can generalize the definition of 
twisted hierarchies by analogy. 



3 The 1-dimensional system 

We discuss associated submanifold geometry of twisted q {j)xO{J) "Aqws . A 1-dimensional 
system is constructed by putting all first flows together in a soliton hierarchy. Many 1- 
dimensional systems are the Gauss-Codazzi equations for submanifolds in space forms or 
symmetric spaces with special geometric properties. For instance, the Gauss-Codazzi equa- 
tions for isothermic surfaces in is the 1-dimensional system of the 0(3^x^3(1 1) -hierarchy 
[11| , [0] , [7] . Other interesting examples can be found in [27] . Similarly, for the 1-dimensional 
twisted Q^jy^^^^-system, one has: 

Definition 3.1. The 1-dimensional twisted o{j)xO{J) "■^Z/-^^^™ (twisted by ai) is the com- 
patibility condition of 

[dx, + TT+ {MJa,,iM-'),dx^ + 7r+ (MJ,^,iM-i)] =0, l<i,j<n (3.1) 
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for some M = M{xi, ■ ■ ■ , x„, A) G Ll°, and 
a 



ei 



= diag(0,--- ,0, 1 ,0,--- ,0) &glin,C)- (3.2) 



Example 3.1. (The sine- Gordon equation) The 1- dimensional twisted o(j)xO(j) '■^y'^^sm 
(twisted by ai) with {n,q) = (2,0) is the sine-Gordon equation. 

Proof. In this casse, we have j = 0, J in (j2.ip is the 2x2 identity matrix, and 



0(J,J) = 0(2,2), o(J,J) =o(2,2), 
Ko = 0{2)xO{2), = 0(2,1) X li, 

5o = o(2)+02, = 12x0(2). 



Let 



a = ai 







1 \ 





1 

V 

in the Lax pair (j2.5p and write 

-a 







a = 02 







\ 
1 



Vl 







a 






V2 





V 1 



-f3 
p 








(3.3) 







cos 2 sm 2 



sm 2 cos 2 



(3.4) 



(3.5) 



in ()2.6p and 7r+ (MJ^j^iM ^) = 602^ ""^A + f2 + 171(6026 ^)p Equating the A-coefficients of 
(12.51) , we then derive 



dtibaib-^) - 5^(6026"^) + [v2, baib-^] - 6026"^] = 0, (3.6) 
dtvi - dxV2 - [vi,V2] - [(Ti(6ai6~^), 6026"-^] + [0-1(6026"^), 6ai6"^] = 0. (3.7) 

Plugging (1231), <^M into I^M), ([SZD, we obtain 

a = ^dtu, /3 = ^dxU, d^P - dta = 2sm.u. 

Hence the 1-dimensional twisted o{2)xO(2) "System (twisted by ai) is the sine-Gordon equa- 
tion 



utt = 4 sin u. 



(3.8) 
□ 



Example 3.2. (The sinh-Gordon equation) The 1-dimensional twisted o{j)xO{J) '•^Z/-^^^™ 
(twisted by ai) with {n,q) = (2,1) is the sinh-Gordon equation. 
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Proof. We have j = 0, J 



-1 
1 



and 



i^0 = O(l,l) xO(l,l), 
5o = o(l,l) XO2, 



Ki = 0(1,2) X li, 
K'o = 12x0(1,1). 



Let 



a = ai 



Vl 




\ 
1 







g5o = 0(1,1) xO, 



1 

cosh ^ smh ^ 







sinh ^ cosh ^ 



G i^^ = 1 X 0(1,1). 



So a similar argument yields 



a 



--dtu, 
2 



dxfi — dta = —2 sinh u 



and 



utt = 4 sinh u. 



(3.9) 
□ 



Example 3.3. (The generalized sine- Gordon equation) The 1- dimensional twisted 
0{J)y.O(J) -^y^i^f^ (twisted by ai) with (n,q) = (n, 0) is the Gauss-Codazzi equation for an 
n- dimensional submanifold of constant sectional curvature —1 inM?'^~^, i.e. the generalized 
sine-Gordon equation (GSGE). 

Proof. We give an alternative proof (cf |27]). The Gauss-Codazzi equation for an n- 
dimensional submanifold in M^"~^ of constant sectional curvature —1 is the generalized 
sine-Gordon equation (GSGE) (jl.ip - ()1.4p . Moreover, the Backlund transformation for the 
GSGE is constructed by showing that 



dX -Xlo = Dxa5 - Xda^DxX 
gives a new solution to the GSGE if a is a given solution of the GSGE. Here 



(3.10) 



uj = 6F - FH, 



6 = ejdx 



J' 



Dx = l(XI-\h,n-l] 
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F = (fij) is defined by ()1.2p . ej is defined as in ()3.2p . and / is the nxn identity matrix [25], 
[26], [I]. Later the Backlund transformation ([3l^ is hnearized (so is the GSGE (fLT]) - (fri]) l 
by the Lax pair 

dx,^ = [^^^J + + Cj^ (3.11) 

^ V ("^i) y V -(aej)*/i,„„i y V 7j y 

7j = C{-^) G o(n), and solved by the inverse scattering method [Ij. By a permutation, 



Y£gl{2n,C) i — > PYP^ 

i 
/ 



i{en-j) = Cj+i, < j < n - 1, 



and a change of coordinates 



Xn-j I — ^ 2xj+i, I <j <n, 
A ^ -A, 

the Lax pair (jS.lip can be written as 

5^. 4- = -{bajb-^X + Vj + ai{bajb-^)j )^', 
where Oj is defined by (|3.2p . and 

6=( ^ ^ ^ G i^o = 1 X 0(n), 5 = ai, 

|j j G 5o = o(n) X 0, Uj = -2i-iji. 



□ 



Example 3.4. (The generalized sinh-Gordon equation) The 1- dimensional twisted 
0{J)y.O(J) 'Sy^^^f^ (twisted by ai) with {n,q) = (n, 1) is the Gauss-Codazzi equation for 
an n- dimensional time-like submanifold of constant sectional curvature 1 in M^""^ which 
possesses simultaneously diagonizable first and second fundamental forms. 

To prove the statement of Example 13.41 we first show: 

Theorem 3.1. Suppose M is a time-like n-dimensional submanifold of constant sectional 
curvature 1 mM^"^"'^. Suppose that there exist local coordinates xi,X2,--- ,Xn on a neigh- 
borhood of p £ M, an 0(1, n — l)-valued map A = (a*), and parallel normal frames 
Cn+i, • • • , e2n-i such that the first and second fundamental forms are of the form 

n n n 

I = ej(aj)^(ixj dxj, II = ejajafdxj ® dxiCn+x-i, (3-12) 

i=l A=2 i=l 
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where diag(ei, £2, • " " j^n) = diag(— 1, 1, • • • ,1) = = J- Then the Gauss-Codazzi 

equation and the structure equation is the 1- dimensional twisted o{J)xO{J) '-^y^^^^ (Ejp 
with 



TT+ {MJa,iM~^) = buib^^X + Vi + ai{ba,b-^)\ 



A' 



5 = 6-i = (q" ) :M"^i^^ = IxO(l,n-l), 

(3.13) 



ai = ^ ^ ^ Q ) , ej defined by (El 

Uj 




: R" ^ 5o = 0(1, n- 1)0 0, l<i<n. 



Moreover, writing A = f^jV the 1- dimensional twisted o(j)xO{J) '^U^^em can be written as 



^G0(l,n-1), (3.14) 



dxA = a'^fij, fa = 0, i^ j, (3.15) 



(^jdxJij + eidn,Jji + Y,k^ij^kfikfjk = -a]a], i 7^ j (3.16) 
dxf^fij = fikfkj, ij,k distinct (3.17) 

where ^ < i, j, k < n. We call the nonlinear system \3. 1^^ - ^3.11 ) the generalized sinh- 
Gordon equation. 

Proof. Step 1: the Gauss-Codazzi equation 

To write down the Gauss-Codazzi equations for these immersions we set 

= ajdxi, 

= e,a^dx„ 

where 1 < i, j <: n, 2 < X < n. Hence by the structure equations 

duj^ = A (jjj, EiUJj + ejuji = 0, 
= fijdxi - eiejfjidxj, where 

f ^ i^i- 
fij = { (3-18) 
I 0, i = j. 

Set F = {fij) and 5 = Yl^=i ^jdxj. Then 

= H)i<id<n = SF- JFHJ 

is the Levi-Civita o(l,n — l)-connection of the induced pseudo-Riemannian metric I. The 
Gauss-Codazzi equation and the structure equation give 

duj + UJ Auj = SA^ei ^ {AJ5) = -SA^ei A {JAJ6) , 
(.afh = «j ' ^<hj <n,i^j,2<X<n. ^> 
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Moreover, it follows from ([3l8]) . ([3l9]) that 



On the other hand, since A = (a* ) € 0(1, n — 1 



(af )x, = a -/ii, 1 < j, A; < n, i ^ j. (3.20) 



^e,(4)2 = efc. 



Taking differential with respect to Xj on the above equality, we get 
It follows from ([X^ that 

(«fk = -e.E^^-4/j- (3-21) 
Then (|3.2U|) and (|3.21|) can be expressed as 

A-^dA = 6F^ - JF5J. 
Summarize, A = (a* ) satisfies the following second order PDE system: 

dio + LO Aio = 6A^ei A AJd = -6A^ei A {JAJ6), 
A-^dA = - JF6J, (3.22) 
where co = 6F — JF^6J, 

Step 2: the 1-dimensional twisted Q^j^^y^ -system 



Define 



Ox = Y.^ig-^''i9)>^ + Vi + aiig'^aig)X~^)dxi (3.23) 



\ f 5A^ \ / n \ A-i / 5A*J \ 
where u = X]r=i ^ ^ 0(1, n — 1). So ()3.23p implies that the 1-dimensional twisted 



0{J,J) 
0{J)xO{J) 



-system is equivalent to the flatness condition 



d9x + ex/\Ox = 0. (3.25) 

On the other hand, by (|3.24p . the flatness condition p.25p is equivalent to {A,u) satisfying 
the following system 

-6AdA^ + uA5A* = 0^5A (JA-^dAJ) + uA5 = 0, (*) 
{JA~^dAJ) A6 + 5 Au = 0^ (*), 
du + uAu + M*ei A JAJ6 = 0. 
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The first equation implies that there exists H = {hij) with ha = for all 1 < i < n such 
that u = SH - JH^SJ, JA'^dAJ = J5H^J - H5 ^ A'^'dA = 5H^ - JH6J. Thus the 
1-dimensional twisted o(J)-><.'o(J) "System is given by the following PDEs: 

u = 6H - JH^6J, 

A-^dA = 6H^ - JH6J, (3.26) 
du + uAu + 6A^ei A JAJ6 = 0. 

Comparing ()3.22p with (j3.26p . the first assertion of Theorem 13. II is proved by setting H = F, 

U = CO. 

Step 3: the generalized sinh-Gordon equation 

Formula (|3.15p is exactly (j3.20p . Taking the coefficients of dxi A dxk of the zj-entry of 
both sides of the first equation of (|3.22p . we obtain (j3.17p . Similarly, (j3.16p can be derived 
by taking the coefficients of dxi A dxj of the ij-entry of both sides of the first equation of 
([322]). □ 

Proof, of Example 13.41 : 

Theorem 13.11 reduces the proof to showing the existence of such n-dimensional subman- 
ifolds. Note Theorem 17.21 of Section \7\ implies that the 1-dimensional twisted o(J)xO(J) ' 
system (|3.ip with b, Oj, Vi defined by (j3.13p can be solved in M". By Theorem 13.11 we then 
conclude the solvability of the Gauss-Codazzi equation of such submanifolds. Therefore, a 
modifed version of the Bonnet Theorem yields the existence of a time-like n-dimensional 
submanifold M of constant sectional curvature 1 in M^"~^, local coordinates xi,X2, ■ ■ ■ ,Xn 
on a neighborhood of p € M, and parallel normal frames Cn+i, • • • , e2n~i with the first and 
second fundamental forms (j3.12p . □ 

We remark that the correspondence between the sinh-Gordon equation and the positive 
constant Gaussian curvature time-like surface in M'^ has been established by Chern [8]. In 
the following theorem, we construct a Riccati type Backlund transformation, analogous to 
(|3.10p . of the generalized sinh-Gordon equation (j3.14p - ()3.17p . Moreover, we linearize the 
Backlund transformation. 

Theorem 3.2. Suppose A G 0(1, n— 1) is a solution of the generalized sinh-Gordon equation 
and X is a non-zero real constant. Gonsider the linear system for y : M" — )■ A4nx2n-' 

* = ' ( dJajs 'T' ) ■ = - <^-2^' 

Then 

1. System \3.27^ is solvable. 

2. Ify = {P,Q) is a solution of (13:2711 with Q G GL{n), then X = -Q-^P E 0(1, n - 1) 
is a solution of the Backlund transformation for the generalized sinh-Gordon equation 
given by 

dX = XSA^DxX + Xu}- DxJAJ6. (3.28) 
and X is again a solution of the generalized sinh-Gordon equation. 
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Proof. Define 6x by 



DxJAJS 

The assumption that A is a solution of the generalized sinh-Gordon equation gives the 
flatness of ^(A) for any A S C, which can imply the solvability of (j3.27p . 
To prove the second statement, let 

d{P,Q) = {P,Q)ex 

or equivalently, 

dP = Poj + QDxJAJS, 
dQ = P5A^Dx. 

By a direct computation, (|3.28|) is satisfied. 

On the other hand, the assumption of j4 E 0(1, n— 1) being a solution of the generalized 
sinh-Gordon equation implies (|3.22p . Hence 

X-'^dX = 5A^DxX + UJ- X-^DxJAJd 

= SA^DxX + (6F - JF^5J) - JX^DxASJ 
= 5{A^DxX + F)- J{X^DxA + F*)5J 
:= - JF5J, 

where F = X^DxA + F^. Moreover, let 

u:=dF- JFHJ 

= 6{X^DxA + F*) - J{A^DxX + F)6J 
= 5X^DxA - JA^DxX6J + A^'^dA. 

Then {ijJ,X) satisfy the following system: 

dd- + w A (I- + 6X^Dl A {JX5J) = 
i;j = dF- JFHJ 
X-^dX = 6F^ - JF5J, 



where F = X^DxA + F*. It is equivalent to 



U 5X^Dy 

DxJXJ6 

is flat. By the argument in the proof of Theorem 13. H X is also a solution of the generalized 
sinh-Gordon equation. □ 

Remark 2. (The generating equation) The Gauss-Codazzi equation for an n- dimensional 
Riemannian submanifold of constant sectional curvature K with flat normal bundle in a 
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(2n — 1) -dimensional Riemannian or pseudo-Riemannian manifold (of index s) of constant 
sectional curvature K is the generating equation 

a e 0(n — q, q), 

dxjC^ki (^kjfji) fa 0; ^7^ 

dxjij + dxjji + Y.kjLi,j fkifkj = -Kauaij, i / j 

dxkfij = fikfkj, hj,k distinct 

where 1 < i, j, k < n, q = s if K < K and q = n-(s + l) if K > 'K TW^ . /I^ . Moreover, 
the Backlund transformation for the generating equation is constructed by showing that 

dX + XJ-^/'^CJ^/^ = AxadJ^/"^ - XJ-^/'^6a^AxJX (3.29) 

gives a new solution to the generating equation if a is a given soltuion of the generating 
equation. Here 

n—q times q times 



J = diag(l,--- , 

" IK 
C = F6-6F\ 5 = ^ejdxj, Ax = -{XI + -h,n-i) 

i=i 

= (/ij); is defined as in iS.^) . and I is the n x n identity matrix f^, UOf . 
Similarly, the Backlund transformation h3. 29\) is linearized by the Lax pair 

dx^^ = Qa^, t ^Bj + Cj^ (3.30) 

(the =F sign corresponds to K = ±1 ) with 

A, = { S_ ^ , \ , (3.31) 



Cjj 2a^j 



; 1 



Q = ( ° ? 1° '1 ) , (3.33) 

7j € o(n). However, it is impossible to transform hS. 30\I - [3.3S^ into a twisted o{j)xO(J) ' 
system (twisted by ai) because the reality conditions fail by observing Aj, Bj, Cj ^ o{J, J) 
unless J = I. In particular, let n = 2, 

J=( ' ° 

' -1 

, coshf sinhf \ 

> sinhf coshf ) ^ 

71 = 1 J , 72 = ( _^ ) € o(n) 
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in \3. 31\ )- [3. 3^) . then the compatibility conditions of \3. 30\) are 

Therefore we obtain the sinh-Laplace equation 

Uxixi + Ux2X2 = T sinh-u. (3.34) 

Here the =F sign corresponds to K = ±1. We remark that the correspondence between the 
sinh-Laplace equation and the negative constant Gaussian curvature space-like surface in 
has been discovered by Hu J18f . 

4 The direct scattering problem 

Using (j2.6p . the linear spectral problem corresponding to (j2.5p is 

5* ill 

= -Xbab-^^ - -aiibab-^)'^ -v"^, (4.1) 
ox A 

b e K'q, V e So- 

In this section, we center on the construction of special eigenfunctions ^{x,X). By the 
normalization 

*(x,A) = m(x,A)e-^(^'^+^"i('*)) 

= 6m(x,A)e-^(^''+^'"i(")), (4.2) 

the linear spectral problem (|4.ip turns into 

= Xirna — bab^^rn) + — irnaiia) — ai{bab^^)rn) — vrn, (4.3) 
ox A 

djfi 1 

— = [m(x,A), Aa + -cJi(a)] +(5(x,A)m(x,A), (4.4) 
ox A 



with 



1 f^V, 

Q{x,\) = -{ai{a)-b-^ai{bab-^)b) -{b-^— + b-^vb). (4.5) 
A ox 



Definition 4.1. We define the operator Jx on gl{n^C) by 

Jxf 



f, Xa + jai{a) 



andTTQ, TT^ to be the orthogonal projections ofgl{n,C) to the ±~eigenspaces ofReJx 
\{J\ + [Jx]*)- Moreover, the characteristic curve of |^.iD is defined by 

= |a € C| the image of ttq is non-empty^ . 
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Definition 4.2. We call a = [ ^ ^ ] ^ principal oblique direction if\wi\ > \wu\ for 1 < 



D 

v < n, and the 2n real numbers {±wi, • • • , ±Wn} are distinct with D = diag {wi, ■ ■ ■ , Wn) 
One can verify that if a is a principal oblique direction, then = iM U . Let us label 
the components o/C\Sa as 

n+ = {|A| > 1, Re{X) > 0}, 
n- = {|A| > 1, Re{X) < 0}, 
D+ = {|A| < 1, Re{X) < 0}, 
D- = {|A| < 1, Re{X) > 0}. 

Note permutaion matrices do not commute with Hence it is natural to consider the 
following example. 

Definition 4.3. We call ^ ~ ^ ^ ) oblique direction if the 2n real numbers 

{±wi,--- ,±Wn} are distinct. Here D = diag (wi, ■ ■ ■ ,Wn)- One can verify that if a is 
an oblique direction, then = U S"*^ Ui<i,<s US-^/*""), where r^ = r^{wi,w^) / 1, 
and s is the number of such that \wy \ > \wi\. Let us label the components o/C\Sa as 

n+ = K < |A| <r^+i, Re{X)>0}, 

= {ru < \X\ < r^+i, Re{X) < 0} , 

D+ = {l/r,+i < [Al < l/r„ Re{X) < 0} , 

D- = {l/r,+i < |A| < l/r„ Re{X) > 0} , 

for < I' < s. Here we assume tq = 1 < ri < • • • < < r^+i = oo. 

Restricted to the case of g = and a is a principal oblique direction, the direct problem 
is solved by [1], after a diagonalization process of (|4.ip . 

Theorem 4.1. Let a G A, a constant oblique direction, b{x) € K'q, v{x) £ Sq. If \b — 
Ml'^dLoo l^l^i ^ then there exists a bounded set Z C C, such that Z n (C\Ea) is 
discrete in C\T,a and for VA € C\T,a, there exists uniquely a solution m(x, A) of ^.3\ ) 
satisfying: 

m(-, A) is bounded, for each A € C\(Sa U Z), (4.6) 
m(x, A) — )• 1 as X — )• — oo, for each X € C\(Ila U Z), (4.7) 
m{x, •) is meromorphic in C\Sa with poles at X (z Z, (4.8) 
m(x, A) — )• 6(x) uniformly as X ^ oo, (4.9) 



and 



m(x,A)GL^», (4.10) 
m(x,A) = o-i(m(x, 1/A)). (4.11) 
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Proof. Step 1: (Small data problem) 
In this step, we assume that 

\Q\l,<1, forV|A|>l, 

where Q is defined by (j4.5p . Thus for [x, A) G M x Q,^ we can find m'{x, A) which satisfies 
the integral equation 

m'(x,A) = l + r e(^-y^'^^{4 + 7r^){Qiy,X)m'{y,X)) dy 

J —oo 



A.-y)J.^X (Q(y,A)m'(y,A)) dy. 



One can also verify that 

m'(x, A) satisfies (4^, gJ§ for (x, X) eRxQ^, 

m'(x, A) — 7> 1 as X — 7> — c« or \X\ — > oo, 

m'(x,A) is holomorphic in X € i}^, and has a continuous extension 
to T,a from fi^. 

Define 

/6(xK(x,A), ^/(x,A) GMxJ^i; 

mix, A) = < , -, , (4.12) 
\ai(6(x)m'(x,i)), i/ (x. A) G M x 

Using the cji -symmetry and the unique solvability of (I4.3p . we then prove the theorem 
provided \Q\li < 1, i-e. when the potentials {b,v) satisfy |6 — ll^inLoo ^ l^l^i ^ ^ 
Step 2: (Large data problem) 

We induce on the least integer > such that \Q\li < 2^. Note that the eigenfunc- 

tion of (j4.4p corresponding to a translate of Q is the translate (with respect to x) of the 
eigenfunction m' . Thus without loss of generality, we may assume that 

Q- = (^' Q = Q+ + Q-, |Q±k<2^. 

10, X > 0, 

The induction assumption implies that Q_ has an eigenfunction r/(x,A), has an eigen- 
function p{x, A) (proved by analogy) satisfying 

r/(x,A) sate/ies g^j, (g^), ( fTTTop /or (x,A) G x n^, (4.13) 

p(x. A) satisfies g^j, g^, /or (x. A) G M+ x fl^, (4-14) 

?7(x. A) ^ 1 as X ^ —oo, p{x, A) ^ 1 as x — )• oo, (4-15) 

r/(x,A), p{x,X) are meromorphic in X G $7^ and tend to 1 as A — )• oo. (4.16) 

Let us define 

5±(A) = /5-i(0,A)r?(0,A) /orAGf^±. (4.17) 
One can adapt the argument in [14j to factorize 

S±(A) = (1 + L±(A))5±(A)(1 + U^iX))-\ (4.18) 
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where 



4(t/±(A)) = vr^(t/±(A)) = 0, (4.19) 
4(L±(A)) = ^t(L±(A)) = 0, (4.20) 
vr^(5±(A)) = 7r^(<^±(A)) = 0, (4.21) 



for A € 0.^ and 



are meromorphic in X & with poles at Z , (4.22) 
U^, tend to 0, 5^ (A) tends to 1 uniformly as |A| — > oo. (4.23) 

Where Z = {zeros of minors of P^]^S^P±^y} and P±^,y satisfies that 

P±]yJa,iP±,iy is diagonal, 
real parts of the entries of P^\Ja,iP±,u are nondecreasing 

on nf. Define 

/r/(x,A)e-^Ml + t^^(A)), (x, A) G {:e < 0} x 

m(x,A) = < , ^ _L X ^ _L (4.24 

^'^ \p{x,X){e^^^{l + L^{X)))6^{X), {x,X)e{x>0}xnt, ^ ' 

and m(x, A) by (j4.12p . Then we complete the theorem by properties ()4.12p - ()4.24p . □ 

Corollary 4.1. Let a ^ A, a constant oblique direction, b{x) € K'q, v{x) € Sq, \b — 
Ml'^hLoo + kl-Li < U set Z in Theorem \4.1\ is a finite set contained in C\Sa, then 
we have the following factorization properties for m(x, A); 

'bix)r]t{x,X)e^^^ {1 + U^{X)) , (x,A) G {x < 0} x 

b{x)p^ix,X)e-^^{l + L^iX))6^{X), (x, A) G {x > 0} x 

b{x)ritix,X)e^^Hl + U^{X)), {x,X) G {a; < 0} x Z?±, 

b{x)pt(x,X)e-^^{l + Lt(X))6t{X), {x,X) G {x > 0} x D^, 



m{x, A) 



(4.25) 



with 



ri^{x,X), p^{x,X) satisfy ^.4\ ), are uniformly bounded, and tend 
to 1 as X =Foo respectively, 

?7^(x, A), and p^{x,X) are holomorphic and tend to 1 as |A| oo, 
5^{X) are meromorphic and tend to 1 as \X\ oo. 



4(t/±(A)) = vr^(C/±(A)) = 0, 
4{Lt{X))=7rl{Lt{X)) = 0, 
ni{6t{X)) = 7r>l{6t{X)) = 0, 

for X G 0,^, and 

, are rational in X G , holomorphic in X ^ {yt^^'^ , 
, tends to as \X\ oo. 
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Besides, 

6(x)r/J(x,A) = ai(6(x)7?±(x,l/A)(l + C/±(0)), 

b{x)p^ix,X) = aiib{x)pt{x,l/X){l+Ltm5t{0)), 

l + U^{X) = a,{{l + U^{0)r\l + U^{l/X))), 

l + L^iX) = a,{6tm-\l + LtiO))-\l + Lt{l/X))6tiO)), 

^?(A) = a,{6t{0)-'5t{l/X)). 

Finally, if we denote by rri-^ the limits on, f'^om components ^q^; , ^2^; ^3 ? * * * and 
from Dq , , D2 , , ■ ■ ■ , o,nd denote by m_ the limits from the other components, then 

m+{x, A) = A)e-^(^"+x'^i W)y(A)e^(^''+i'"i("» for X G S^. (4.26) 

Proof. A refined argument of the proof of Theorem 14.11 can derive the factorization of 
m{x, A) on M X Q,^. The jump condition (|4.26p comes from the limits m±, defined by (j4.2p . 
exist on S^, rh± satisfy the same equation ()4.4p and the operator dx — J^x is a derivation. □ 

Definition 4.4. If the assumption in Corollary \4.1\ holds, then {U^,V) is called the asso- 
ciated scattering data of the potential (b, v). 

Definition 4.5. Let P{X) be the matrix satisfying that P~^JxP is a diagonal matrix with 
decreasing entries and P± = Ymi\^^\ P{Xn), Xn G ^ ^ U • • • U U U • • • . 

Note that P is constant on each component of C/S^. 

Theorem 4.2. Let a G A, a constant oblique direction. Suppose b{x) G Kq, v{x) G Sq, 
and their derivatives are rapidly decreasing as \x\ — ?> 00. If the set Z in Theorem \4.1\ is a 
finite set contained in C\Sa. Then for the scattering data {Uj^, V), we have the analytical 
constraints 

d'^iV - I) is O(A^) as X^O and ©(A"^) as X ^ 00 for N , a > 0, (4.27) 
the product of limits of V from each component, arranged clockwisely, (4.28) 
is I at each intersection of S^; 

Uj^ are rational in X £ 0,^ , holomorphic in X £ (fi^)^, (4.29) 
tend to as I A| 00. (4.30) 

the algebraic constraints 

4(C/±(A))=vr^(C/±(A)) = 0, (4.31) 

J (1 + UtiX)Y + UtW) = 1, (^.^ (A))* = [Utf (A), (4.32) 

a^{Ut{-X)) = U^{X), (4.33) 

for X G and 

4(P+VP+) = 1, d^{P^'VP+)^0, (4.34) 

JV{X)*JV{X) = 1, {V{X)y = V\X), (4.35) 

ao{V{-X))V{X) = l, (4.36) 

ai{V{l/X))V{X) = l (4.37) 
for X G Sq, VI < A; < 2n. Here d^{ f) denote the upper and lower k x k minors of f . 
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Proof. Properties ()4.29p - (|4.3ip have been shown in Corollary 14. 1[ The analytic constraints 
(|4.27p . and (j4.28p can be deduced from the results of 0]. Note (|4.10p imphes 

Jm{x,X)*Jm{x,X) = l, m(x, A)* = m*(x, A), ao{m{x, —X)) = m{x, X). (4.38) 

Together with the the uniqueness of the factorization of m(x, A) on M x we derive the 
reality conditions (j4.32p . (j4.33p . Similarly, (j4.26p implies 

Jm+{x,X)*J = Je^(^''+^'"i('^)V(A)*e-^'(^"+^'^i("))m_(x,A)*J 
m+{x,Xy = e^(^'^+^"i(")V(A)*e-^(^"+^-i("))m_(x,A)* 

for A € Hq. Hence 

m+{x,X)-^ = e-^(^"+i'"i("»jy(A)*Je^(^"+x'^i('*))m_(x,A)-^ 
m+(x,A)* = e^(^"+^"^(")V(A)*e-^'(^'^+^"i('^))m_(x,A)* 

for A € Sa by (|4.38p . So (j4.35p is proved. On the other hand, applying o"o to both sides of 
([06]) and using (|T38]) . we obtain 

m^{x, -A) = m+(x, -A))e^(^"+i'"i('')Vo(F(A))e-^(^''+x'^i('')) for X G 

Hence we justify (I4.36p . Finally (I4.37P is proved by applying cji to both sides of (I4.26P and 
using ()4.1ip instead. 

To prove ()4.34p . we compute 

4(p+iyp+)(A) 

= d+(P+i(m:V+)(0,A)P+) 

= d+( (P+Hl + ^_)-V(0,A)-i77+(0,A)(l + C/+)P+) ) 
1 

by ([O^ . ([OT]) . lim^_^_oo vt = lim^^-oo ^ = 1, and fjf{x, A) satisfying ([^P [25] . Here 

\C/±(A), AgD±, ^ lr?^(x,A), XeD^, 

and /± the limits on S„ from U fij^ U 17^ U 17;]' U • • • U Z)J U Dj'' U U U • • • . 
(i^(P_(r^yP4.) 7^ can be proved by analogy. □ 

Remark 3. For z € {0, 1, • • • , n — 1}, replacing ai by Oi (defined in Remark\^, we can 
solve the associated direct problem by analogy. 

5 The inverse scattering problem I 

The goal of the inverse problem is to find the potential (6, v) for a given scattering data 
{Uj^, V). Usually we try to reverse the process in the direct problem. However there exists 
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technical difficulties to find m since the boundary value of ra is b{x) as A ^ oo. Hence it is 
impossible for us to pose the Riemann-Hilbert problem for m. 

We will adopt the approach of [23] to construct a normalized eigenfunction m(x, A) 
prescribing the given scattering data {U^ ,V) with boundary value 1 at infinity in this 
section. Then we will try to find a gauge which transforms m into a solution m(x, A) of 
T3]) in next section. We note in [1], [5], they solve the inverse problem for the twisted 



0{r^'o{n) -system with admitting only simple poles. 

Theorem 5.1. Let q = and a e A. Suppose {U^,V) satisfies I4.27\ >- (4'JT\ ). Then there 
exists uniquely an m{x, A) € L°"" satisfying 

{m{x, A) — /) G L2(Sa) for Vfc, k' , and tends to uniformly as x ^ —oo, (5.1) 



m{x, A) 



77±(x,A)e-^Ml + f^^(A)), {x,X)G{x<0}xnt, (1) 

p^{x,X)e^^Hl + L^{X))6^{X), (x,A)G{x>0}xf)±, (2) 

fjt{x,X)e''^'il + UtiX)), {x,X)G{x<0}xDt, (3) 

pt{x,X)e-^^{l + LtiX)y6t{X), {x,X)G{x>0}xDt, (4) 



and 
Here 



for XeQ 



± 



Define by (l5l^ . Let 




(5.2) 



m+(x, A) = m_(x, A)e-^'(^"+^"i("»1/(A)e^(^"+^"^('^» /or A G (5.3) 

7/^(x,A), and p^{x,X) are holomorphic and uniformly bounded, (5-4) 

7]^{x,X), and p^{x,X) tend to 1 as \X\ oo, (5-5) 

5^{X), S^{X) are meromorphic, and tend to 1 as |A| oo, (5-6) 

4(L±(A))=7r^(L±(A))=0, (5.7) 

7ri{5t{X)) = 7r'_{6t{X)) = 0, (5.8) 



i]^{x,X), and p^{x,X) are holomorphic and uniformly hounded (5-9) 
for X € , and 

are rational in X d Vt^ , holomorphic in X G {^Tl^Y j (5.10) 

tends to as \X\ — > oo, (5-11) 

1 + u^{x) = ai ((1 + u^mr'a + u^a/^))) , (5.12) 

1 + L^(A) = a, {6t{0rHl + Lt{0)r\l + L±(l/A))<5±(0)) , (5.13) 

d^{X) = a,{6t{0)-'6t{l/X)). (5.14) 

Proo/. Step 1: {x < 0} x (C\Sa) 



1/ ; 
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and U± the limits on from VLq \JQ^ {JVL^ \JQ^ \J ■ ■ ■ \J Dq [J D'^ \J D"^ U D'^ U ■ ■ ■ . Define 

W{\) = {l + U-{\))V{\){l + U+{\))-^ forXe^a. (5.16) 

Then to show (1), (3) in (|5.2p . and the statement about r/^ in (j5.4p . ()5.5p is equivalent to 
solving the following Riemann-Hilbert problem with purely continuous scattering data 

f+{x,X) = A)e-^'(^"+^'"i("))M/(A)e^(^'*+^'^i('^)) for A G S^, (5.17) 

/ is holomorphic in C/Sa, f{x,X) 1, as A —)• oo (5.18) 

and setting 

/(x,A) = |t^"''^' '"^V 
\r?±(x,A), AeZ)±. 

To solve the above Riemann-Hilbert problem, one can apply the method (§10 in [3]) to 
prove its Fredholm property. So the solvability is reduced to showing that the homogeneous 
solution is trivial. Let g{x,X) = f{x,X)f{x,—X)* and / satisfies (|5.17p . is holomorphic in 
C/Sd, and tends to as A ^ oo. Hence if 

W{-Xy = W{X), AeS„ (5.19) 

then for A G Eq, 

5-(x,A) = /_(x,A) (/+(x,-A))* 

= f-{x,X) (/_(x,-A)e^(^'^+i"^('^)%(-A)e-^'(^'^+i"^("»)* 

= /_(x,A) {e-^W{X)) f-{x,-Xr 
= /+(x,A)/_(x,-A)* 
= 9+{x,X). 

So 5( = by the Liouville's theorem. Moreover, the positivity condition (|5.19p implies / = 
for A € iM. Hence / = by holomorphicy. 

To prove the claim ()5.19p . we note that the algebraic constraints ()4.32p . ()4.33p . (j4.35p 
and (I4.36P of the scattering data imply 

V{-Xr = V{X), (1 + Uii-X) r = {l + U^{X) )-\ (5.20) 

Using these reality conditions and the definition of PV^, we can derive (j5.19p . 
Step 2: Construction of 6^, 6^, L^, 

We first solve the scalar Riemann-Hilbert problems for the entries of a matrix A(A): 

A is meromorphic in C/Tia, A(A) — )• 1 as A — )■ oo, (5.21) 
vr^(A(A))=7r^(A(A)) = 0, (5.22) 

[P-A,P,], = [P^^A_P,]^'^^±^^0^, (5.23) 

{ zeros of [P~^AP]^ } = { poles of the k + 1-th column ofP'^UP] , (5.24) 
{ poles of [P^^AP]^ } = { poles of the k-th column of p-^UP] . (5.25) 
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Here P is defined by Definition 14.51 [f]k denotes the k-th entry of the diagonal part of /, 
for 1 < /c < 2n. Then 6^, and 6^ are constructed by 

lit 

To construct L^, L^, by (jOij) . ({5:22]) and ([OHI) . one can factorize 

F(A) = (1 + L-(A))-1A:1(A)A+(A)(1 + L+(A)), (5.27) 

7r^"(L+)=4"(L+) = 0, 

7r^"(L-) = 7ro^"(L-) = 0, 

on Sa. Here X, \^ £ U U U U ■ ■ ■ U U Df U U U ■ ■ ■ . By 

Theorem 5.2 of [23], we can have the extensions L^'^, i?^'*^ satisfying 

A±(A)(1 + L±(A))A±i(A) = (1 + ii^(A))(l + L±(A)) on S„ (5.28) 

vr^" (i2±) = TTg" (i?^) = 0, TT^" (L^) = ttq"{L^) = on O^, (5.29) 

is holomorphic on , meromorphic on (O^y, (5.30) 

is holomorphic on {O^y, rational on . (5.31) 

Here is the component oi 9.'^ VJ \J 9.'^ \J \J ■ ■ ■ \J \J D'^ \J \J D'^ \J ■ ■ ■ which 
contains A^, A^ ^> A. Hence (fOT]) . (f?:^ imply 

V{X) = A:i(A)(l + L_(A))-ii2(A)(l + L+(A))A+(A). (5.32) 

Where A is defined by (|5.26p . 

R = (l + i?-(A))"^(l + i?+(A)) 

L(A) = ^'(^)' (5.33) 
Finally, L^(A), L^{X) are defined by 

LiX) = l'l^'^^ ^^^1' (5.34) 
^ ^ lL±(A), AeZ?±. ^ ^ 



Step 3: {x > 0} X (C\Sa) 

Having contracted 6^, 6^, L^, L^, one can adopt the scheme of Step 1 to find and 
p^. More precisely, let 

A(A) = (1 + L_(A))A_(A)F(A)A;1(A)(1 + L+{X)r' for X e S,. 

Then to show (2), (4) in (j5.2p . and the statement about pt in ([531), ([53]) is equivalent to 
solving the following Riemann-Hilbert problem with purely continuous scattering data 

/+(x, A) = /_(x, A)e-^'(^"+i"^('^))A(A)e^(^'*+i"i('^)) for X £ (5.35) 
/ is holomorphic in C/Sa, f{x,X) — )■ 1, as A —)■ oo (5.36) 
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and setting 

As above, the solvability can be reduced to showing: 

A(-A)*=A(A), AgS„, (5.37) 

and it can be implied by the reality conditions 

V{-Xr = V{X), A±(-A)* = A^(A)-\ (1 + L±(-A) )* = (! + L^(A) )-\ (5.38) 

The reality condition V{—X)* = V{X) follows from the algebraic constraints (I4.35p . (j4.36p . 
Moreover, by V{-X)* = V{X), (lOTD . we have 



v{x) = (1 + l+(-a)*)a;(-a)(a*_(-a))-^((i + l-(-a)*) 

Together with (OD . we conclude (A(-A)*)" satisfies (lOSjl . So there IS no jump across 
Sa for A(-A)*A(A). On the other hand, by <SMl, and (03]) . 

I zeros 0/ P^^A) (A(-A)*)"^ P(A) ^ } 

= { zeros of [p-HA)(P(-A)*)-ip(-A)*(A(-A)*)-i (P(-A)*)-' P(-A)*P(A)] ^ } 

zeros of [p(-A)*(A(-A)*)-i (P(-A)*)"^^ 



{ poles of the 2n - k-th column of P* {-X)U{X)P{-X)} 
{ poles of the k + 1-th column of P{Xy^{X)U{X)P{X)} 
= { zeros of [p-\X)AiX)P{X)]^ } 

Similarly, S^7IU\i . (ITOIl . and (1^]) imply 

{ poles of[p-\X) {A{-Xry' P{X)]k } = { poles of [p-i(A)A(A)P(A)] , } 

Thus the Liouville's theorem implies A(-A)* = A(A)~^ and (1 + L=^(-A))* = {l + L^{Xy^. 
Finally 

(1 + L±'°(-A) )* = (! + L^'°(A) )-i (5.39) 

by y(_-A)* = V{X), (lOTD . ([OH]) . (lOOll . (lOTI) . and the Liouville's theorem. So (1 + 
L±{-X) )* = (! + L=p(A) )-i comes from ([533]) . (f09]) . and A±(-A) )* = A=p(A) )-^. 

Step 4: Proof of m{x, A) G L'^" 

Let 1^(A) be defined by dSH]), then 

JWCXTJW{X) = 1, {W{X)y = W\X), (5.40) 
ao(W^(-A))VF(A) = l, (5.41) 

by (14. 32 p . (j4.33p . (|4.35p . and (|4.36p . Therefore, one can reverse the process in the proof of 
Theorem 14.21 to show 



Jm(x, A)* Jm(x, A) = 1, m(x. A)* = m*(x. A), ao{rh{x, —X)) = m{x, X). (5.42) 
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So m(x,A) G L'^o for x < 0. 

As for a; > 0, note the formula (l)-(4), ()5.42p . and the unique factorization properties 
imply 

J (1 + LtWy J(l + L+(A)) = 1, (L±(A))* = [Lty (A), 

(7o(l;(-a)) = l+(A), 

je(A)* Je(A) = 1, 5t{\r = {6t)\\), 
M6-{-X)) = 6+{X). 

Therefore, using the above argument, one can justify rh{x, A) € L^'^ for x > 0. 
Step 5: Proof of and ([SIl) 

The strategy of the proof is analogous to that of showing (j5.38p . By (j4.35p . (j4.37p . 
(j5.27p . we have 

ViX) = (1 + (7i(L+(i)) )- Vi(A+(i))-iai((A_(i))(l + a,{L-{j)) (5.43) 

Thus CT(A(i)) satisfies (lOgjl by (ITOIl and cr(A(i))-i A(A) has no jump across Sq. On the 
other hand, by (fOij) . (f5l2]) . for A G C\Sa, 



zeros o/ 
zeros o/ 
zeros of 



P(A)-Vi(A(-))P(A) 
P(A)-Vi(P(^)P(i)-iA(i)P(i)P(i)-i)P(A) 
P(i)-A(i)P(i) 



poles of the k + 1-th column of P{—) ^^(l^)'^(^) 

po/es of the k + column o/ P(i)" Vi([/(A))P(^) 

{ poZes 0/ the k + coZumn of P{Xy^U{X)P{X)} 
= { zeros of [p-\X)A{X)PiX)]^ } 

Here we have use the diagonal property of P(A)^^o"i(P(4))- Similarly, 



poles o/[p-i(A)ai(A(-))P(A)], = { poles of [p-i(A)A(A)P(A)] , } 



can be justified by ()5.25p . (j5.12p . Thus the Liouville's theorem implies ai{A{j)) ^A(A) is 
a constant. Hence we prove (j5.14p by a normalization. Furthermore, ai{L^{j)) are equal 
to L=F(A) up to a constant by (ICTjl . So (I5J3I1 follows by (lOSi) . (lOOD . (fOT]) . dOH]) . and 

dsn. 

The analytic constraints ()5.ip can be deduced from the results of [3]. 

□ 
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Theorem 5.2. Let q and a e A. Suppose V satisfies gTI^j, U^ - U^ and 

\V — << 1. Then there exists uniquely an rh{x, A) G L°"" satisfying 

m+{x, A) = m^{x, A)e~^'(^"+i'^i(")V(A)e^'(^"+^'^i("» for A G S^, (5.44) 

m(x,A) ^1, as A —7- oo, (5.45) 
{m{x,X) — I) G -L2(Sa) for\/k, k' , and tends to uniformly (5.46) 
as X — )• —oo. 

Proof. If g 7^ 0, then the positivity conditions (j5.19p . (j5.37p fail in Step 1 and Step 3. 
However, the Riemann Hilbert problems (f5T7l) - (f5l8] ). K2T\\ - K2M . and (15351) - dOHl ). with 
C/(A) = 0, L(A) = 0, in Step 1-3 can be solved under the small data constraint \V — l\i2 « 
1. □ 

Remark 4. We remark that if , 6^, , are contructed by Corollary \4.1\ and define 
A by i5.26\) . ^5.34\ ), then i5.21]) - [5.25\) . i5.32\) are valid by adapting the argument in the 
proof of Theorem 4-6 and 4-7 in f25 



6 The inverse scattering problem II 



We adapt the argument in to complete the process of reconstructing the operator (j4.ip 
in this section. That is, we need to find a proper gauge b{x) G K'q which transforms m(x, A) 
to the eigenfunction m{x,X) of ()4.3p . 

^ ^ and D = diag {wi, 



Write a 



D 



,Wn)- Define 



X= {Xi,--- ,Xn) =x{wi,--- ,Wn), 
n 

X = ^^XjCj, ai are defined by ( fg.^p . 



1=1 



M{x, A) = 7n{x, a. A) = 'rh{x, A). 
Lemma 6.1. Suppose m{x,X) is derived by Theorem \5.1\ or W^ Then 



dM 
dxi 



A 



+ ^{ai{aj)-Bj{x))M-C,{x)M, 



with 



Bj (x) eVonC^, Cj (f) G /Co n C7= 



(6.1) 
(6.2) 
(6.3) 

(6.4) 

(6.5) 



Proof. We are going to show that {{dx^ + ad{Xaj + M}M ^ is holomorphic on 

C\{0} and bounded at oo. Hence (j6.4p follows immediately from the asymptotic expansions 



M(f , A) 
M{x, A) 



^ + ET=iMk{x)X-^ 
EZoMk{x)X'' 



as \X\ 
as lAI 



0, 



(6.6) 
(6.7) 



and the conditions (16. 5p come from {{dxj + ad[Xaj + jcri{o.j))) m) m ^ ^ C'^'^ by using 
rh G L^'o, Xaj + j(Ti{aj) G ([53]), and (lOel) . 
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If X < and A e Jl^ , by (1) in ^J^, and jOl), then 

{(^d^^ + ad{Xaj + jaiiaj))^ MjM'^ 
= {(^d,^ + ad{Xa, + ^ai(a,))) A)e-^^-i-i ^(1 + C/±(A) )e^^+x-i(^)} 



Here we have used [d^. + ad{\aj + xf^i(aj))) e-(^^+i'^i(^))(l + ;7)e^^+i'"i(^) = 0. Using 
(2), (3), (4) in (j5.2p and the same argument, we will derive similar formula on other com- 
ponents. So {{dxj + ad{Xaj + jai{aj))) M}M~^ is regular on C\Ea by the properties of 
pi ^ ^-iid pi in Theorem 15.11 Besides, by (j5.3p . (j5.44p . we derive 



{(^dx^ + ad{Xaj + icTi(aj))) (M+ - M_)}M+-i 
+{(9:,^. + ad{Xaj + ^CTi(aj)))M_}M+^i 

{(^9^^. + ad{Xaj + ^fTi(oj))^ M_(e"(^^+i"i(^)V(A)e^^+^"i(^) - l)}M+-i 
+{(^5^, + a^Aoj- + jCTiiaj))^ M^}M+-^ 

{(^d,^ + ad(Aa,- + iai(a,))) M_}(e-(^^+^-i(^))y(A)e^^+x-i(^) - l)M+-i 



Therefore, {{dx^ + ad{Xaj + ■^cri(aj))) M}M ^ is continuous at S^. The uniform bound- 
edness of {{dx^ + ad{Xaj + jO'i{aj))) M}M~^ at cxo can be seen by ()6.6p . □ 



Lemma 6.2. T/ie compatibility conditions of are 

dx, a - dx.Cj - id, Cj] = [Bi, aj] - [Bj,ai] . (6.8) 
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Proof. Taking the derivative dx^ of (j6.4p . we have 



[M, Xui + ^ai{ai)],Xaj + ^ai{aj) 



+ 



i (cJi(ai) -Bi)M - CiM, Xaj + jai{aj) 



1 



+ (-(ai(a,)-i?,)-C7, 



M, Xai + ^cri(aj) 



A 



+ - (ai(a,) - 5,) - C, - (ai(a.) - S.) M - C.M . 



A 



Letting |A| — )• cxd and applying (j6.6p . we obtain 

C,-(x) = [Mi(f),a,-]. 



(6.9) 



Hence 



A=oo 



5a 



[(Ti(aj) — Oj] — [CiMi,aj] — -— ^ — Cj [Mi, Cj] + CjCj + symm. terms 

OXi 



[Bi,aj] 
[Bi,aj] 
[B„aj] 



dxi 

dxi 
dCj_ 
dxi 



+ CjCi + OjCiMi + CjUiMi + symm. terms 

+ CjCi + [oj, Cj] Ml — [a,, Cj] Ml + symm. terms 

+ CjCi + symm. terms. 



Here '"symm. terms'" denote terms which are symmetric with respect to i, j and they may 
differ from each other. Also, in the above computation, we have also used 



[ai,C. 



[M, Xai + ^cri(ai)], Xaj + ^cri{aj) 



are symmetric with respect to i, j 



which follow from (j6.9p . Therefore, the compatibility conditions of (j6.4p are ()6.8p . 



□ 



Lemma 6.3. Suppose either of the assumption in Theorem \ 5.1\ or \5.2\ holds. Then there 
exists 

bix) e K'^nC^, (6.10) 

such that 



b{x{wi, • • • , Wn)) ^1 as X —7- — oo, 
-bCjb-^ + {djb)b-^ e 5o /or Vj. 

Proof. By (|6.8p . and ()6.5p . to prove ()6.10p and ()6.12p . we need only to show 

[Bj,ai] G 5o, i / j. 



(6.11) 
(6.12) 



.13) 



30 



First of all, let us claim 



M{x, A) = cJi(Mo"^M(x, \)). (6.14) 

A 



Here Mq is defined by (j6.7p . The assertion can be proved by the Liouville's theorem and 
conditions (HSH), ([SSI), (f5l2]) - (f5l4| l and ([521) • Therefore, taking the limits of (IHlill at 
A = 0, we derive 

Mo • cri(Mo) = 1- (6.15) 
Note Mo G i^o by m{x, A) G L'^^ Hence 

Mo = ( I ) ' "^'^^ ^ ^^'^^ ^'^■"^'^^ 

and 0(J) = {x £ GLn{C)\Jx*Jx = Jx^Jx = 1}. Combining (I6T5I1 and (I6T6I1 . we have 
ff = 1. Therefore the minimal polynomial of /i must be a divisor of A^ — 1. If J = /, then 
(|6.16p implies /i is always diagonalizable. If J 7^ /, and |y — 11^,2 << 1, by continuity, /i 
is diagonalizable, too. Hence the minimal polynomial of /i must be A — 1. Therefore, we 
conclude 

Mo G K (6.17) 
Now let us equate the A~^-terms of (j6.4p at A = 0, we obtain 

Moaiittj) - BjMo = 0, (6.18) 

Plugging (|6.17p into (|6.18p and solving for Bj, one can justify (|6.13p . □ 

Theorem 6.1. Suppose either of the assumption in Theorem \5.1\ or \5.S\ holds. Let 

^(x,A) = &(x)M(x,A)e-(^^+^'"i(^)) (6.19) 

Here x, x, X, M satisfy ([OP-(E3). Then 



with 



-Xbab - ^aiibab ^)'^-v'^, 
ox A 



b{x) = b{x{wi,--- ,wn)) G K^nC7°°, 

v{x) = ^WjibCjb-^ - {djb)b-^){x{wi,- ■ ■ ,Wn)) G 5o n C^, (6.20) 
where Cj, b{x{wi,--- ,Wn)) are defined by Lemma [6A\\6.3[ respectively. 
Proof Let $(x. A) = M(f , A)e"(^^+^''i(^)). Then 

n ^ 

= 5^w^j(-^a,--S,-Cj)$ 
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by (j6.4p . Therefore, using formula (|6.19p . 

nj n ^ n 

— = {-Xb{Y,Wja,)b-' - -b{J2wjBj)b-' +Y,Wj{-bCjb-' + {djb)b-'))^ 
i=i i=i 
1 " 

= {-Xbab-^ - y6( V WjBj)b-^ - v)^. (6.21) 

with V = ^Wj{bCjb^^ — {djb)b^^) € 5o by Lemma 16.31 The proof reduces to showing the 
<^i{KTJj=iWjBj)b-^) = bab-^. Define 



A = -^Wjbajb-^ dxj, (6.22) 

n 

B = -^WjbBjb-^ dxj, (6.23) 

n 

C = "^Wj{-bCjb-^ + {djb)b-^)dxj (6.24) 



and write ()6.21|) as 

So d'^^ = 0. This impHes 



d^' = A^^- + \b^ + C^'. 
A 



dB + BAC + CAB = 0. 



Thus 

d(A - fTi(5)) + {A- (Ti{B)) ^C + C ^{A- <Ti{B)) = (6.25) 
by (j6.20p . (j6.24p . Along the direction x{wi, ■ ■ ■ -.Wn), as x — )■ — oo, we obtain 

A-ai{B) 

n 

= — baj b^ ^ dxj + wj ai {bBj b^ ^ ) dxj 
i=i 

n 

= ^ Wjb{-aj + b'^ai{bBjb'^)b)b'^ dxj 

^ (6.26) 
by dSI]), dSaSD, (fOTT) . (I6T8]1 . Consequently, dOSjl . dOejl yield 

A = ai(S). 

□ 

Remark 5. For i G {0, 1, • • • , n — 1}, replacing ai by defined in Remark^ we can solve 
the associated inverse problem by analogy. 
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7 The Cauchy problem 



Theorem 7.1. Let a, a G A be constant oblique directions, 6o(x) G Kq, vo{x) G Sq. 
Suppose bo — 1, vq and their derivatives are rapidly decreasing as |x| —?> oo and the set Z in 
Theorem \4- l\ is a finite set contained in C\Sa. In case of q ^ 0, (boi'^o) satisfies additionally 
the small data constraint |6o — + I^oIli << 1- Then the Cauchy problem of the twisted 
flow 

2j+l 2j+l 

d^ + bab-^X + v + ai{bab-^)X-\dt+Y^ QsX' + Qo+ ^ ai(Q,)A-^ =0, 

s=l s=l 

6(x,0) = 6o, v{x,0) = vo 

admits a smooth solution for x E M, t > 0. Here Qs{x,t), < s < 2j + 1, are defined by 
[2ll\) . LemmalKE 

Proof. We first apply Theorem 14.11 Coronary 14.11 Definition 14.41 and Theorem 14.21 to obtain 
the scattering data {U^q{X),Vo{\)) for the potential (6o,^o)- Define 

U^{X,t) = e-'^'-"'''"''-'^'''^^^^U^^,{X)e'^^"'^'^^ (7.1) 

V{X,t) = e-*(^''^'''+3^"^(''»yo(A)e*(^''^'"+WTT"^(^)\ A G S,. (7.2) 

Hence (U^^V) satisfies (|071l - (|07D and \V - « I ii q ^ Thus one can apply 
Theorem 15.11 15.21 and 16.11 to construct M(x,t,X), b{x,t), v{x,t). Let 

m{x,t,X) = b{x,t)M{x,t,X), 



Then 



*(x, t, A) = m{x, t, A)e-(^"+i-i(«))-*(^'^'+'»+WTT-i W). 



9^ ill 

= -Xbab aAbab - v^! , 

ox X 



So *(x,t,A) G L^" and ^^{x)-^ G Moreover, 

I (mix, t, A)e-^(^"+^^("»-*(^'^'^''^+l^-^(^)) 



-1 



dm 



1 



— -m(A2^+ia + ^^ai(5)) 



A2J- 



-a::(Aa+i(Ti(a))-t{A2^+ia+3^5i^cri(a)) 



•e 

dm 
'di 



x(Aa+l<7i(a))+i(A2j+ia+3^ai(a))^-l 



■m 



m 



-■K+{mJa,2j+l'm ^) 

/2j+l 2j + l 



/2j+l 2j + l \ 

^QsA^ + Qo+ ^fTi(Q,)A-M 

\s=l s=l / 
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by (I21T]) . Lemma EID 

□ 

Theorem 7.2. Let a = diag {wi, ■ ■ ■ ,Wn) (z A be a constant oblique direction, bo{x) S Kq, 
vq{x) G So, bo — 1, vq and their derivatives are rapidly decreasing as \x\ oo and the set 
Z in Theorem \4-i\ is a finite set contained in C\Sa. In case of q ^ 0, {bo,vo) satisfies 
additionally the small data constraint \bo — l|^i + \vo\li « 1- Then there exists a solution 

to the 1-dimensional twisted o{j)xO{J) "■^ZZ-sfe"^ 15'. 1\} satisfying 

n 

b{x{wi, ■ ■ ■ ,Wn) ) = bo{x), '^Vk {x{wi, ■ ■ ■ ,Wn) ) = Vo{x). 

k=l 

Proof. We first apply Theorem 14.11 Corohary 14.11 and Theorem 14.21 to obtain the scat- 
tering data (C/^q(A), Vo(A)) for the potential {bo,vo). Then we apply Theorem 15. H 15. 2| 
16.11 to construct Cfc(xi,--- ,x„), b{xi,--- ,x„), Vk{xi,--- ,Xn), M(xi,--- such that 

^(xi,--- ,x„) = 6(xi,--- ,x„)M(xi,--- ,x„)e-^S^^-'''=~^S'"i(^'="'=) satisfies 

1^ = -Xbakb-^"^ - Vk'i' - ^aiibokb-^)"^, 
oxk A 

with Ofc defined by (|3.2|) . Vk = bCkb~^ — {dkb)b~^, and 

6o(x) = b{x{wi,--- ,Wn)) e K'qDC^, 

n 

Mx) = "^Vkixiwi,- ■ ■ ,wn)) e SonC°°. 



k=l 



□ 
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